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Abstract 

We compute the correlation functions of 3 and 4 stress energy tensors (T) in D = 3 in free field theories of 
scalars, abelian gauge fields, and fermions, which are relevant in the analysis of cosmological non-gaussianities. 
These correlators appear in the holographic expressions of the scalar and tensor perturbations derived for holo- 
graphic cosmological models. The result is simply adapted to describe the leading contributions in the gauge 
coupling to the same correlators also for a non abelian SU(N) gauge theory. In the case of the bispectrum, our 
results are mapped and shown to be in full agreement with the corresponding expressions given in a recent holo- 
graphic study by Bzowski, McFadden and Skenderis. In the 4-T case we present the completely traced amplitude 
plus all the contact terms. These are expected to appear in a fourth order extension of the holographic formulas 
for the 4-point functions of scalar metric perturbations. 
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1 Introduction 



Conformal field theories in D > 2 are significantly less known compared to their D — 2 counterparts, where exact 
results stemming from the presence of an underlying infinite dimensional symmetry have allowed to proceed with 
their classification. In fact, as one moves to higher spacetime dimensions, the finite dimensional character of the 
conformal symmetry allows to fix, modulo some overall constants, only the structure of 2- and 3-point functions 
In 4-D, for instance, free field theory realizations of these specific correlators allow the identification of then- 
explicit expressions, performing a direct comparison with their general form, which is predicted by the symmetry 
Among these correlators, a special role is taken by those involving insertions of the energy momentum tensor 
(EMT), which can be significant in the context of several phenomenological applications. For instance, in D = 4, 
correlators involving insertions of the EMT describe the interaction of a given theory with gravity around the flat 
spacetime limit. Their study is quite involved due to the appearance of a trace anomaly 0, 0, S, 0]- They are part 
of the anomalous effective action of gravitons at higher order, but they also find application in the description of 
dilaton interactions and of the Higgs-dilaton mixing at the LHC HQ. 

In 3 dimensions their computation simplifies considerably, due to the absence of anomalies, but it remains 
quite significant, especially in the context of the ADS/CFT correspondence [3] and supersymmetry in general 



In particular, using a holographic approach, these correlators allow to describe the curvatu re g ravitational 



perturbations in a pre- inflationary phase of the early universe characterized by strong gravity 12|, Il3l [lj] . They play 
a crucial role in the study of the non-gaussian contributions to such perturbations at the level of the bispectrum (via 
the TTT correlator) and of the trispectrum (via the TTTT), while the power spectrum is determined by the TT 



15 |. In all the cases the calculation of the scalar perturbations, which are the most significant phenomenologically, 
involves fully traced 3-point functions of EMT's, of field theories including scalars 4> J (with J = 1, 2, ...n^), vectors 
A 1 ^ (with I = 1,2, ..Ma) and fermions ip L ( with L = 1,2, ...n^) in the virtual corrections. All the fields in such 
theories are in the adjoint of the gauge group SU{N). 

The mapping is described, on the dual field theory side, in terms of an effective (t'Hooft) coupling constant 
9eff ~ Qym-N/M, with g e ff << 1, and requires a large— TV limit. M is a typical momentum scale, related to the 
typical momenta of the correlators, and necessary in order to make g e ff dimensionless. This implies that the gauge 
coupling (gvM /M) has to be very weak, allowing an expansion of the dual theory in such a variable, which can be 
arrested to zeroth order, i.e. with free fields. 

It has been pointed out in Q,Q that the small amplitude (O(10-)) and the nearly scale invariant characters 
of the measured power spectrum, wich shows deviations from scale invariance which are of 0(1O~ 3 ), are indeed 
predicted by such models. In particular, the large- N limit, which is necessary in order to predict the small amplitude 
of the power spectrum, requires N ~ 10 4 , given that its scales as 1/N 2 in holographic models. At the same time, 
the small violation of scaling invariance in the same power spectrum is controlled by the t'Hooft coupling g e ff, 
therefore requiring that this coupling has to be small as well. 

These considerations allow to simplify drastically the computation of these correlators on the dual side, as we 
have mentioned. In particular, we are allowed to deal with simple dual theories in order to identify the leading 
behaviour of the perturbative correlators which appear in the holographic formula for the perturbations. 

Henceforth, the non-abelian character of the dual gauge theory becomes unessential if we work at leading order 
in gYM, and the vector contributions are proportional to those of a free abelian theory. This implies that all our 
computations can be and are performed in simple free field theories of scalars, abelian vectors and fermions, with 
the scalars and the fermions taken as gauge singlets. This choice simplifies the notations and allows us to obtain 
the correct result, to be used in the holographic mapping, just by introducing a correction factor, which will be 
inserted at the end. 

The explicit form of the mapping has been given in [3, for the (CCC) (bispectrum) correlator, with ( 
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describing the gauge invariant curvature perturbation of the gravitational metric, which is mapped to the TTT . 
The same (uncontracted) 3-T correlator determines the bispectrum of more complex 3-point functions, (CC7)j (Ctt) 
and (777) , involving tensor perturbations (7) 13[ . 

A similar, though more involved, mapping between the trispectrum correlator (CCCC) an d the TTTT 4-point 
function is expected to hold. The explicit form of this mapping is not yet available, since it involves a direct 
extension of the holographic approach developed in 12 , . 

Even in the absence, at least at the moment, of a suitable generalization of the holographic expressions given in 
(I2I [l3|. it is clear that a complete determination of the trispectrum in holographic models, given its complexity, is 
a two-stage process. This requires 1) the explicit derivation of the holographic relation which maps the (CCCC) to 
the 4-T correlator, followed 2) by an explicit computation of these higher point functions via the dual mapping. 

For instance, in the case of the bispectrum ((CCC))> the holographic analysis has been put forward in 12j, 
followed later on by an explicit computation of the relevant 3-D correlators TTT given in [13[ . 

Our goal in this work is to make one step forward in this program and present the explicit form of the TTTT 
(fully traced) correlator. The explicit form of the complete - uncontracted - correlator (which is of rank-8) is 
computationally very involved due to the higher rank tensor reductions and it will not be discussed here. 

At the same time we will proceed with an independent recomputation of the TTT correlator in D = 3, which 



has been investigated in 13|, [14| . We anticipate that our analysis is in complete agreement with the result given in 



13j for this correlator, and we will discuss the mapping between our approach and the one of [13j . This agreement 



allows to test our methods before coming to their generalization in the 4-T case. 

As we have already mentioned, the study of the 4-T correlator in D = 3 is free of the complications present 
in their D = 4 counterparts, which arc affected by the scale anomaly and require renormalization. Checks of our 
computations have been performed at various levels. We secure the consistency of the result in the 4-T case by 
verifying the Ward identities which are expected to hold. 

Our work is organized as follows. After a summary section in which we outline our definitions and conventions, 
we move to a computation of the general form of the TTT in our approach, followed by a brief section in which we 
provide a mapping between our result and those of [3] ■ The Ward identities for the 3- and 4-point case, which are 
essential in order to test the consistency of our computations, are discussed together in a single section. We then 
move to the perturbative determination of the 4-T. We have collected in several appendices some of the technical 
aspects related to the diagrammatic expansion, specific to the D = 3 case. 



2 The search for non-gaussian fluctuations 

Clues on the physics of the very early universe come from the analysis of the primordial gravitational fluctuations, 
which leave an imprint on the cosmic microwave background (CMB) and on the evolution of large scale structures 



(see |16l . Il7|). So far, the cosmological data have shown to be compatible with the gaussian character of such 
fluctuations, which implies that they can be expressed in terms of 2-point functions. In Fourier space they define 
the so called "power spectrum" (A(fc)). In this case 3-point correlators associated to such fluctuations vanish, 
together with all the correlators containing an odd number of these fields. 

Measurements of the power spectra of perturbations are not able to answer questions concerning the evolution 
and the interactions of quantum fields which generate such fluctuations in the very early universe. In fact, inflation 
models with different fields and interactions can lead to power spectra which are quite similar. For this reason, there 
is a justified hope that it will be possible to unveil, through the identification of a non-gaussian behaviour of such 
fluctuations, aspects of the physics of inflation which otherwise would remain obscure [18| . Tests of a possible non- 
gaussian behaviour of such perturbations can be performed using several observational probes, including analysis 
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of the CMB, large scale structures and weak lensing, just to mention a few. 



One important result 19( in the study of the non-gaussian behaviour of single field inflation was the proof that 
in these models such fluctuations are small and, for this reason, the possible experimental detection of significant 
non-gaussianities would allow to rule them out. 

2.1 Domain- Wall/ Cosmology correspondence and gauge/gravity duality 

An interesting approach j2ol . 13, 15 1 which allows to merge the analysis of fluctuations and of their quantization 



with ideas stemming from gauge/gravity duality, has been developed in the last few years. These formulations 
allow to define a correspondence between two bulk theories, describing cosmological and domain wall gravitational 
backgrounds, and hence between their boundary duals, which are described by appropriate 3-D field theories. The 
two bulk metrics are related by an analytic continuation. Once that a cosmological model is mapped into a 4-D 
domain wall model, gauge/gravity duality can be used to infer the structure of the correlators in the bulk using a 
corresponding field theory on the boundary. Such a theory is not conformal and can be described by a combination 
of scalar, fermion and spin-1 sectors, formulated as simple field theories in flat 3-D backgrounds. 

Scalar and tensor fluctuations in domain wall backgrounds can then be described in terms of correlators in- 
volving multiple insertions of EMT's, computed in ordinary perturbation theory. These result can be mapped 
back to describe the correspondence between bulk and boundary in the usual cosmological context, by an analytic 
continuation of the boundary correlators. 

In this framework, one can derive holographic formulas which allow to describe a primordial phase of strong 
gravity just by weakly coupled perturbations in the dual theory. We will present below, to make our discussion 
self-contained, the explicit expressions of one of these relations, which are of direct relevance for our analysis. 

We also mention that, in the conformal case, the 3-T and 4-T correlators in scalar and fermion free field 
theories provide a realization of the bispectrum and of the trispectrum of gravitational waves in De Sitter space 



14 1 . Discussions of the conformal properties of 3- and 4-point functions of primordial fluctuations can be found in 
21 



3 Field theory realizations 

The correlation functions that we intend to study will be computed in four free field theories, namely a minimally 
coupled and a conformally coupled scalar, a fermion and a spin 1 abelian gauge field. 

If the classical theory is described by the action <S, the energy-momentum tensor (EMT) of the system is obtained 
by coupling it to a curved 3-D background metric g^ v (with S —¥ S[g]) and functionally differentiating the action 
with respect to it. The formalism is similar to the ordinary one in the case of a 4-D gravitational spacctimc 

T^(z) = -^=-^- (1) 



and for this reason we will be using greek indices, with the understanding that they will run from 1 to 3. We will 
also set det g^(z) = g z for the determinant of the 3-D metric. 

In the quantum theory, let W\g] be the euclidean generating functional depending on the classical background, 

W\g] = jf J V<Pe- s , (2) 

where J\f is a normalization factor, and $ denotes all the quantum fields of the theory except the metric. W[g] 
generates both connected and disconnected correlators of EMT's, which are 1-particle reducible. For notational 
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simplicity we prefer to use this generating functional of the Green's function of the theory, rather than log W and its 
Legendre transform. It is implicitly understood that, in the pcrturbativc expansion of the corresponding correlators, 
we will consider only the connected components. In a 1-loop analysis the issue of 1-particle reducibility does not 
play any relevant role, and hence the use of W will make the manipulations more transparent. 

Then it follows from (p} that the quantum average of the EMT in the presence of the background source is given 

by 

<T^(z)> 3 = JL-^-. (3) 

where the subscript g indicates the presence of a generic metric background. Otherwise, all the correlators which 
do not carry a subscript g, are intended to be written in the flat limit. It is understood that the metric is generic 
while performing all the functional derivatives and ordinary differentiations of the correlators, and that the limit of 
flat space is taken only at the end. 

As we have mentioned above, we focus our analysis on the determination of the complete 3-T correlator of free 
(euclidean) field theories of scalar, vector and fermions in 3 space dimensions and on the 4-T fully traced correlator, 
which we are now going to introduce. 

The actions for the scalar (S) and the chiral fermion field (CF), are respectively given by 



S s = - 

5 2 



d?x^g~ 



ScF 



V v <t>- X R4 
^7° {Vp^-iVpi,)^^ 



(4) 
(5) 



Here \ is the parameter corresponding to the term of improvement obtained by coupling </> 2 to the 3-D scalar 
curvature R. We will be concerned with two cases for the scalar Lagrangian, the minimally and the conformally 
coupled ones. \ — describes a minimally coupled scalar (MS). In three dimensions, for x — 1/8 one has a 
classically conformal invariant theory (i.e. one with an EMT whose trace vanishes upon use of the equations of 
motion), which is the second case that we will consider (denoted with the "conformal scalar" subscript, or CS). As 
we have mentioned, the absence of conformal anomalies guarantees that for any of these theories, those operators 
which are classically traceless, remain such also at quantum level. 

The other conformal field theory which we will be concerned with, is the one describing the Lagrangian of a 
free chiral fermion (CF) on a curved metric background 0. Here V a p is the vielbein and V(= y/g) its determinant, 
needed to embed the fermion in such background, with its covariant derivative T>p defined as 



Vp = dp + Tp = dp 



(6) 



with Yi ab — j [7 a ,7 b ] in the fermion case. Using the integrability condition of the vielbein 



7 fi Vba — dp Vba — r Mcr Vb\ — Q a b,fi V"" a 



(7) 



where Q h jAt is the spin connection, this can be expressed as 



1 



1 



n ab ,p = - K A (d^Vtx - d x V b p) - - V b x (dpV aX - d\V a p) + - V a p V b V* (d x V hp - d p V hX ) 



(8) 



After an expansion we can rewrite ([5]) as 



Scf 



d 3 xVV a p 



^7° (d p ^)-(d p i>) 1 a i> 



1 

Tg 



d 3 xvv a p ^{ 1 a ,[ 1 b , 1 c }}^n b c. 



(9) 



1 Notice that even if our analysis is euclidean, the 3-D case that we discuss can be mapped straightforwardly to the analogous 
Minkowski one in D = 2 + 1 by a simple analytic continuation. 
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The functional derivative with respect to the metric appearing in (JT|) is expressed in terms of the vielbein as 



7 P 



SV afl (z) 



5V av {z) 



so that the EMT for a fermion held is defined by El 

V at *{z) 



2V(z) 



5V%(z) 



5V%{z) 



CF 



Finally, the action for the gauge held (GF) is given by 

Sgf = Sm + Sgf + S g h , 
where the three contributions are the Maxwell (M), the gauge- hxing and the ghost actions 

Sm = \ J d 3 x^gF^F a0 , 

Sgh = 



J d 3 xy^d a cd a c. 



The EMT's for the scalar and the fermion are 



1 S 



1 CF 



g^D - V p V + - g^ R - W v 



9 w V a v +g»PV a »-2g^V a p 



^ 7 a (v p1 p)-(v P 4>) 7 a ^ 



while the energy-momentum tensor for the abelian gauge field is given by the sum 



with 



1 M 



1 



79 



GF M 



1 gf + 1 gh ■ 



{A"V V {V P AP) + A^iVpA") - g^[A p V p (V a A° 



;(V P ^) 2 ]}. 



T% = g» v d p cd p c-di J -cd v c-d v cd> 1 c. 



(10) 

(11) 
(12) 

(13) 
(14) 
(15) 

(16) 
(17) 

(18) 

(19) 

(20) 
(21) 



The explicit expressions for the vertices involving one or more EMT's, which can be computed by functional 
differentiating the actions, have been collected in Appendix O 

We point out that in our computation of the contributions related to the gauge fields (GF), only the Maxwell 
action Sm and the corresponding EMT, ', are needed. One can check that there is a cancellation between the 
gauge-fixing and ghost contributions from T g f and T g h- For those interested in a direct check of these results, we 
remark that the contributions generated from (fTo| and those generated from (|2"Tj) differ only by an overall sign 
factor, while the trilinear and quadrilincar vertices for the gauge-fixing part can be found in [3j. 



G 



Figure 1: Topologies appearing in the expansion of the TTT correlator. Contributions involving coincident gravitons 
correspond to contact terms. 



4 Conventions and the structure of the correlators 



We will be introducing two different notations for correlators involving the EMT's. The first is defined in terms of 
the symmetric n — th order functional derivative of W 



<T^{ Xl )...T^{x n ) > 



5 n W 



/9*i 



2" 



5 n W 



(22) 



We will refer to this correlator as to a "symmetric" one. Notice that given the existence of an analytic continuation 
between the 3-D euclidean theory and the one in 2+1 dimensional spacetime, we will be referring to this vertex, for 
simplicity, as to the "n-graviton " vertex. 

This definition allows to leave the factor 2/ ' -Jg outside of the actual differentiation in order to obtain symmetric 
expressions. We have denoted this correlator with a small angular brackets (< >) since these correlators include 
also contact terms. Contact terms are easily identified in perturbation theory for bringing together at least two 
gravitons on the same spacetime point. Such terms are instead absent in the expression of correlation functions 
given by the (ordinary) expectation value of the product of n EMT's, and which are denoted, in our case, with 
large angular brackets (( )) as in 



(T^(xi) ... T^ v «{x„)) = I V<S>T^ Vl {xi) ...T^ u "(x n )e- S 



(23) 



This second form of the correlator of EMT's will be referred to as "ordinary" or "genuine" n-point functions. It 
will also be useful to introduce the following notation to represent the functional derivative with respect to the 
background metric 

6 n f(x) 



[/(*)] 



(xi,x 2 , ...,X n ) 



and take the flat spacetime limit at the end. For later use we also define the notation with lower indices as 



HiVi. ..fi„u, 



(xi,x 2 , ...,x n ) = ^K.j^ft . . . 8,j, nOln 8 Vn n [f(xJj a iPi a2 fo" a "-P'> ( Xl: x 2 , ...,x n ). 



(24) 



(25) 



With this definition a single functional derivative of the action in a correlation function is always equivalent, modulo 
a factor, to an insertion of a in the flat limit, since 



ss 



J[llV! { X l) 



1 



T fJ,lUl (xi) 



(26) 



2 It is known that the result quoted below in Eq. I I17H is obtained in the classical theory using Eq. |[TJ and functionally differentiating 
with just the first term of Eq. HOB , with no need for symmetrization. Indeed this is true only if we use the equations of motion, which 
is not allowed in the computation of the quantum interaction vertices derived from the fermionic action. 
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We can convert the two graviton (greek) indices into a latin index (si) by contracting with a polarization 

vector of generic polarization s± as in 



[5] (-0 = _l T (.0 = [ 5 ]/'^ e W. ) 



(27) 



with si = ±, being the two helicities, as explained below. Moreover the symbol T will be used, in a correlator, 
to denote the trace of the EMT, T = T 7 ^. We will also stack the two (nii^i) indices, one on top of the other, for 
simplicity, after a contraction, as in 



[S\% ee [Sp" 1 5, 1U1 or [S\%% 



IS] 



(28) 



in order to make the tensorial expressions more compact. 

With the definition of Eq. ([22]) the expansion of the TT correlator becomes 



([Sr" 1 {x x ) [S]^ 2 (a*)) - ([S]™ 2 " 2 (zi,z 2 )) 



(29) 



The last term on the right hand side of the equation above, which is a massless tadpole, is scheme dependent and 
can be easily removed by a local finite counterterm. For this reason it can be set to zero and then the TT correlation 
function, obtained by differentiation of the generating functional, coincides with the quantum average of two energy 
momentum tensors 



< T^{x 1 )T^ l, Hx 2 ) > = 4([Sp l/1 (a*) [Sf 2l/2 (x 2 )) = (T" lUl (xi)T" 2 " 2 (x 2 )) 



(30) 



This is not true for higher order correlation functions of rt-gravitons, as we are going to show in a while, where 
contact terms also appear. 

For the TTT correlator the functional expansion is given by 



< T^ l,1 (x 1 )T" 2l ' 2 (x 2 )T^ :i (x3) > = {T^ Ul {x 1 )T' 12U2 {x2)T^{x 3 )) 



4 {[S] 



(x 1 ,x 2 )T^{x 3 ))+2perm. - 8([S] 



(xi,x 2 ,x 3 )) 



(31) 



whose right hand side is expressed in terms of ordinary 3-point correlators plus extra contact terms. The additional 
terms obtained by permutation are such to render symmetric the right hand side of the previous equation. 

We will present the expression of these contributions in the helicity basis for each sector (scalar, fermion and 
gauge field) in the sections below. Notice that the first term on the right hand side of Eq. (|3Tjl corresponds to an 
ordinary (genuine) 3-point function, whose connected component is given, at 1 loop, by the triangle diagram of Fig. 
[TJ while the last term is a massless tadpole (see the third diagram in Fig. [T]), which can be set to zero 



Ml y 1/^2^2 H3 U 3 



(xi,x 2 ,x 3 )) = 0. 



(32) 



In the 3-T case, contact terms have the topology of a bubble, and are generated by correlators containing insertions 
of the second functional derivatives of the action respect to the metric (such as in ^g^ 3U3 ^ iUi y One of them is 
shown in the second figure of Fig. [TJ the others can be obtained by a reparameterization of the external momenta. 
These bubble terms are characterized by the insertion of two graviton lines on the same vertex. 
Moving to the 4-T case, a similar expansion holds and is given by 



< T^ix^T^ix^T^ix^T^ixi) > 
-4 



(T^ 1 (xi)T^ 2 (x 2 )T^ 3 (x 3 )T^ 4 (a; 4 )) 



([Sf 1 ^ 2 " 2 (x 1 ,x 2 )T' i3Us (x 3 )T' 1 ^(x 4 )) +5 perm 
^1^2^3x3 ( X1jX2jX3 )tw*(x 4 )) +3 perm 



16 



16 (\S 



US] 



(xi,x 2 ) [S\ 



(x 3 ,x 4 )) + 2 perm. 



Mll^lA I 2^2A 1 3^3A 1 4l / 4 



{xi,X 2 ,X 3 ,Xi)) 



(33) 
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with 

{xuX2iX ^ Xi) ) = 0j (34) 

being a massless tadpole contribution. Notice that the left hand side and the right hand side are both symmetric 
amplitudes, as they should. In this case the perturbative expansion in the three fundamental sectors - scalars, 
vector and fermion - generates diagrams of box type for the first 4-T correlator on the right hand side of (1331) , plus 
triangle, bubble and tadpole diagrams generated by the contact terms. The analysis of these contributions is more 
involved compared to the TTT case, and will be performed in detail in the following sections. 



5 Ward identities for the Green functions 



We proceed with a derivation of the relevant Ward identities satisfied by the 3- and 4-point functions of EMT's. 

The diffcomorphism Ward identities are defined from the condition of general covariance on the generating 
functional W[g] 

2 SW\g] 



v vi <t^( Xi ) > 3 =v„ 



= 0. 



(35) 



9 VVfe 89m »A x i), 

The Ward identities we are interested in are obtained by functional differentiation of Eq. (|35l) and are given by 

d Vl <T^( Xl )T^(x 2 ) > = 0, (36) 
which shows that the two-point function is transverse, and by 

3 V1 < T^( Xl )T^(x 2 )T^(x 3 ) > = -2 [T^ixx)]^ (x 2 )(T K ^( Xl )T^(x s )) 

-2 [TZM)]^ 3 (x 3 )(T^(x 1 )T^(x 2 )) , (37) 



d Vi< T^{x l )T^{x2)T^ V3 {x 3 )T' 1 ^{x i )> = -2 



[KIM)V 2 " 2 0*2) < T^( Xl )T^(x 3 )T^(x A ) > 



(2 o 3,2 <-> 4) 



[r&(*i)]' 



(x 2 ,x 3 )(T K ^{ Xl )T^(x 4 )) + (2 o 4,3o 4) 



(38) 



for the 3- and 4-point functions. The functional derivatives of the Christoffel symbol, obtained from the expansion 
of the covariant derivative which appear in previous equations, are explicitly given in Appendix [Cl 

Before moving to momentum space, we define the Fourier transform using the following conventions 



/ 



d 3 x 1 d 3 x 2 ... d 3 x n {T^ Vl { Xl )T^{x 2 ) ...T^(x n ))e~ t{kl - Xl+k2 - X2+ - +k -- x " ) = 

(2tt) 3 (£ + k 2 + . . . + k n ) (T^ (£) (k 2 ) . . . T"-"" (k n )) , (39) 



where all the momenta are incoming. Similar conventions are chosen for the 2-, 3- and 4-point functions in all the 
expressions that follow. We will consider Fourier-transformed correlation functions with an implicit momentum 
conservation, i.e. we will omit the overall delta function. Tridimensional momenta in the perturbative expansions 
will be denoted as k with components k^. The modulus of k will be simply denoted as k. 
Going to momentum space the TT correlator satisfies the simple Ward identity 



k lul {T^(k 1 )T^(-k 1 ))=0, 
while for the TTT three-point function we obtain 

k lui < T^ik^T^ik^T^ihi) > = -k^{T^{k 2 )T^ V2 {-k 2 )) - k^{T^{k 3 )T^ V3 {-k3)) 



(40) 



3 u\ 



+k 2 „! 



S ^U 3 pu^s ( fc2 ) T M2^2 (_ fc2 )) + ( T ^3 (fc^T'' 21 ' 2 (-fc 2 )) 



,(41) 



9 



and finally, for the TTTT 

k Xui < T^ Ul (ki)T» 2V %k 2 )T» 3Us (k 3 )T» iU4 (k4,) >= - k^ 1 < T ll2V2 (k 1 + k 2 )T^ 3 (k 3 )T^ 4 (k A ) > 

+ k 2vi (s^ 2 < T v ^ 2 (k x + k 2 )T^ 3V3 (k 3 )T^ Vl (k A ) > +5^ 2 < T UlU2 (ki + fel)T^ 3 (iQT^ 4 (fcl) > 

+ (2h3,2«4) + 2k 2ui ^[/^f 3 " 3 (T» lU2 (k 4 )T^(~k 4 )) + [g^ 2 Y 13 " 3 (T u ^ 2 {k^T^ 1 (-k±)) 

+ 2k 3vi f[g^f 2 " 2 (T VlV3 (k 4 )T" iVi (-k4)) + [ g ^ V3 f 2V2 {T Ul ^{k A )T^ Ui {~k A ))^ 

+ ( k^S^ 3 + k% 3 6^ 3 ) {T^ V2 (k 4 )T^ 3U3 {-k 4 )) + ( k^S^ 11 ^ 2 + k^S^ 2 ) {T» 3V3 {k4)T» 2U2 {-k A )) 



(2h4,3h4) 



(42) 



The functional derivatives of the metric tensor are computed using Eq. (|24[) and given explicitly in Appendix [Cj 
For any conformal field theory in an odd dimensional spacetime the relation 



9liV < >g = < >g= 



(43) 



describes the invariance under scale transformations. This allows us to derive additional constraints on the fermion 
and on the conformally coupled scalar correlators. Differentiating (I43[) with respect to the metric up to three times 
and then performing the flat limit we obtain the three Ward identities 

<T{k 1 )T^ 2 {-k 1 )> = 0, 
< T(/Ti)T^ 2 (fcl)T^ 3 (/r 3 ) > = -2 < T» 2U2 {k 2 )T>* 3U3 {-k 2 ) > -2 < T» 2V2 (k 3 )T^ 3 (-fc 3 ) > 
< T{ki)T ti21 ' 2 {k 2 )T^ 3V3 (k 3 )T^ Vi (ki) > = -2 < T» 2V2 (k 2 )T» 3V3 (k 3 )T^ Vi (k 2 + k 3 ) > 

- 2 < T» 2V2 (k 3 + k i )Ti M3U3 (k 3 )T^ V4 (h) > -2 < T^ 2V2 {k 2 )T» 3 » 3 (k 2 + k 4 )T^ (k A ) > . (44) 

Tracing the last two equations with respect to the remaining two and three couples of indices respectively we get 
the constraints 



<T(k 1 )T(k 2 )T(k 3 )> = 0, 
<T(k 1 )T(k 2 )T(k 3 )T(k i )> = 



(45) 



valid in the conformal case. 



6 Computation of TTT 

We begin this section recalling the results for the two-point function TT in D = 3, which takes the form 

{T^ u {k)T afi {-%)) = A{k)W vaf> (k) + B{k)ii^ {k)ir afS (k) , 
where ir^ik) is a transverse projection tensor 



while U fiva P(k) is transverse and traceless 



^ a {k)TT V(3 {k) + 7T^(fc)7r ra (fc) - 7T^(fc)7T Q/3 (fc) 



(46) 



(47) 



(48) 
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The coefficients A(k) and B(k) for the minimal scalar case (MS), the conformally coupled scalar (CS), the gauge 
field (GF) and for the chiral fermion case (CF) are given by 

A MS {k) = A CS [k) = A G F{k) = *?_ A CF [k) = {m) 

B MS (k) = B GF (k) = ^ , B cs (k) = B CF (k) = . (50) 

At this point we proceed with the computation of the TTT correlator. The contributions introduced in Eq. 
([3~Tj) arc built out of the vertices listed in the Appendix [C] and computed in terms of the usual tensor-to-scalar 
reductions of the loop integrals in D = 3. The computations are finite at any stage and require only a removal 
of the massless tadpoles. Given the complex structure of the tensor result for the 3-T case, here we prefer to give 
its helicity projections instead of presenting it in an expansion on a tensor basis. We follow the same approach 
presented in |13j . 

We define the helicity tensors as usual as 

ei s Kk) = e^(k)ei s \k) with a = ±1 (51) 

(s) 

where e/j is the polarization vector for a spin 1 in D = 3. They satisfy the standard orthonormality, traceless and 
transverse conditions 

e$(k)e^^*(k) = S ss ' , «^e«(fc) = 0, fc"e«(fc)=0. (52) 

We consider a particular realization of the helicity basis choosing, without loss of generality, the three incoming 
momenta fci, k 2 and k 3 to lie in [x — z) plane 

fcf = fci(sin#j,O,cos0i) , (53) 

with the angles completely determined from the kinematical invariants as 

cos0i = l, cos9 2 = -^—{kl-kl-kl), cos6 3 = -l—{kl-kl-kl), 
Lk\k2 lk\k% 

■on -n A(fci,fc 2 ,fc 3 ) . X(k 1 ,k 2 ,k 3 ) 

sin0i = 0, sm6» 2 = ^z—. , sm6i3 = — (54) 

2k\ki 2k\k 3 

and where 

A 2 (<7i, 92,(73) = (-<7i + <?2 + <?3)(<7i - 92 + <?3)(<7i + 92 - CfeXft + <?2 + 93) • (55) 
Then the helicity tensors are explicitly given by 



cos Ui is cos Vi — sm 0i cos 

is cos di —1 —is sin 9^ . (56) 



V — sin^cos^i —is sin 9i sin 2 9i 

Notice that ef^l* {k) — e${— fc), which turns useful in comparing our results with those of [lS]. Notice also the 
different normalization of the polarization tensor e$(k) used by us respect to by a factor of -^j, which should 
be kept into account when comparing the results of each ± helicity projection. We are now ready to present in 
the following sections the TTT correlator for the minimal and the conformally coupled scalar, the gauge field and 
the chiral fermion. All the other missing helicity amplitudes can be obtained from those given here by parity 
transformations or momentum permutations. 
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6.1 Minimally coupled scalar 



We list the results for the TTT correlator with a minimal scalar running in the loop. They correspond to two of 
the three fundamental topologies appearing in the Fig. [1] The different contributions in Eq. (|31[) can be contracted 
with polarization tensors in order to extract the ± helicity amplitudes and the trace parts (T = Tff). 
The ordinary 3-point amplitudes are expressed only in terms of the Euclidean length of the external vectors and no 
relative angles. They are given by 



(T(fe 1 )T(fc 2 )T(fc 3 )) M s 

(T(*l)T(fe)r( + '(fe)) tfS 

(T(fc 1 )TW(/S)T(-)(fcl)) MS 

MS — 



^{fc? + (k 2 + fa) kf + (fa - fc 3 ) 2 h + (k 2 + k 3 ) (k 2 2 + kl) | , 



= 1024fc§(fc 1+ fc 2 + fc 3 ) (fcl _ k2 ~ h)(kl +k2 ~ k3){kl ~ k2 + ^ 3 " r 
+ (5fc 2 + 6fc 3 ) k\ + (5fcf + Ak 3 k 2 + 3fc 2 ) ki + 3fc 2 (fe 2 + fa) 2 



(fci + k 2 - fa) 2 {ki - k 2 + fa) 2 
4096fcp| 



5kf - (kl + Afafa + fc 2 ) fc x + fcf + ki 



(-fa + fa + fa) 2 
4096fcffcf (fci + k 2 + faf 



k\ + (3fci + 4fc 2 ) fcf + 2 (fc 2 + 6fafa + 3fcf ) fcf 



(3kf + 16fc 2 fc 2 + 2\k\fa + 5fcf) kl + (l7k\ + 36fc 2 fc? + 38fc|fcf - 8fcf fci + 5fcf) fcf 
(ki + k 2 f (29fc? + 14fc 2 fc 2 + 9fcffci + 6fcf ) fcf + 4 (ki + faf (5kf + k 2 k\ + fcf) k 3 

(fa + fa) 4 (5kf - k\ki + fcf) 



MS 



(ki + k 2 - k 3 ) (ki - fc 2 + fc 3 ) (-ki + k 2 + fc 3 ) i „ 

•- 5 < 3 (fci + fc 2 + fc 3 

16384fc 2 fcffcf (ki + k 2 + faf ' 



- 7 (fc 2 fc 3 + fci (fc 2 + fa)) (h + fc 2 + fc 3 ) 7 + 5fcifc 2 fc 3 (fci + fc 2 + fc 3 ) 6 - 64fc?fcf fc. 3 



3 r ' 



(T^Hh)T^(k 2 )T^(k 3 )) MS 



(ki -kg- fc 3 ) (fci + fc 2 - fc 3 ) (fci - fc 2 + fc 3 ) j 5 4 
16384fc 2 fc2fc2 + fe + ka) i ^3 + 4 (fci + k 2 ) fc 3 



+ (fc 2 + fcf) fcf + (fcf + fcf) fcf + 4 (fci + hi) 2 (k\ - k 2 ki + fcf) fc 3 
+ (fci + fc 2 ) 3 (3fci 2 - fc 2 fci + 3fcf ) 
The helicity projections of the contact terms are 

fc? 



(57) 



(T(ki)[S}^l(k 2 ,fa)) MS 

(T (si) (fc;)[5]^^(fc;,fc;))Ms 

(T(ki)[S]^Hk 2 ,k 3 )) MS 
(T(ki)[S}^^(k 2 ,fa)) M s 

(T^Hfa)[S}^(fa,fa)) MS 



256 ' 
0, 

fci A 2 (fci,fc 2 ,fc 3 ) 

4096 kl 
ki A 2 (fci,fc 2 ,fc 3 ) 
4096 fcf fc| 



fc^ ~\~ k<2 



fcf 



2s 2 s 3 fc 2 fc 3 \ , 



fci 



16384 fcf 



/c^ — r~ ^2 



+4sis 3 fcifc 3 (fc 2 - fcf + fcf) 
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ki X 2 (ki, k 2 , k 3 ) 
16384 kjkj 



k 2 + k 2 + k^ + 2s\S2 k\k 2 + 2sis 3 k\k 3 



+2s 2 s 3 k 2 k 3 



6.2 Conformally coupled scalar 

In the case of a conformally coupled scalar the helicity amplitudes of the 3-point correlators are 



(T(fci)T(fc 2 )T(fc 3 ))cs - 0, 
(T(fe>(fe>(+)(fc 3 )} cs = 0, 

(T(h)T^\k 2 )T^\k 3 )) C s 
(T^Hk^^k^T^Hk^cs 



CF ■ 



(T( Sl \k 1 )T( S2 \k 2 )T( S3 \k 3 )) 



MS ■ 



while the expressions of the contact terms take the form 



(T(h)[S]^l(k 2 ,k 3 )) cs = 0, 

(T(h)[S]^l(k 2 ,k 3 ))cs = 0, 

(T(k 1 )[S}%^\k 2 ,k 3 )) CS = 0, 

(T(k 1 )[S}^^\k 2 ,k 3 )) C s = 0, 

{T^\ki)[S\% ^\k 2 , k 3 )) CS = (T^(k[)[S}% ^\k 2 , k 3 )) MS , 

(T^ih)^ ^\k 2 , k 3 )) cs = (T^Hh)^ {s3) (k 2 ,k 3 ))MS ■ 

6.3 Gauge field 

Moving to the gauge contributions, a computation of the ordinary 3-point functions gives 



(58) 



(59) 



(60) 



(T(fc 1 )T(fc 2 )T(fc 3 )) 



GF 



— | - 3kf + (fc 2 + k 3 ) kj + (k 2 - k 3 f h - (k 2 + h) (3fc 2 2 - 4fc 3 fc 2 + 3kl) J , 



<T(£)T(fc 2 )T(+)(/f 3 )) GF = 



(T(il)r( + )(fe)r(-)(fe)) CF = 

(T(£)T< + >(fe)T< + >(fe)> GF = 



(fci - k 2 - k 3 ) + k 2 - k 3 ) (fci - fc 2 + fc 3 ) <^ 5kf 



1024*$ (fci + fc 2 + fc 3 ) 
+ (life + 10fc 3 ) fc 2 + (llkl + I2k 3 k 2 + 5fcf) fci + 5fc 2 (fc 2 + k 3 f | 



(fc| - (fe - fe) 2 
4096 fcffcf 

(-fe + k 2 + k 3 f 



7k\ - (3k 2 + Ak 3 k 2 + 3k 2 ) k x + k\ + fcf j 



7fc[ + 28 {k 2 + k 3 )kt 



4096 fcffcf (fci +fc 2 + fc 3 ) 2 
+ (39fc^ + 88k 3 k 2 + 39*$) k\ + (k 2 + k 3 ) (\7k\ + 71fc 3 fc 2 + 17fc$) k\ 
- (k 2 + k 3 f (7k 2 - 34fc 3 fc 2 + 7k 2 ) k\-2 (fc 2 + k 3 f (3k 2 - 5fc 3 fc 2 + 3k 2 ) k 2 
+ (fcf + Ak 3 kl + 7k\k\ + 40fc|fcg + 7k\k\ + 4fc 3 5 fc 2 + fcf) fci 

+ (k 2 + k 3 f (^ - k 3 k 2 + kl) | , 
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(T< + >(£)T< + >(fe)T< + >(*3)> 



GF — - 



(fci + k 2 - fc 3 ) (fci - fc 2 + fc 3 ) (-fci + fc 2 + fc 3 ) 



3(fci+fc 2 + fc 3 ) 9 



16384 k{k\ki (fci + fc 2 + fc 3 ) 
-7 (fc 2 fc 3 + fci (fc 2 + fc 3 )) (fci + fc 2 + fc 3 ) 7 + 5fcifc 2 fc 3 (fci + fc 2 + fc 3 ) 6 - 64fc 3 fc 3 fcf 

-4(fc!+fc 2 + fc 3 ) 6 (fc? + fc 2 3 + fcf) | , 



GF = 



(fci - fc 2 - fc 3 ) (fci + fc 2 - fc 3 ) (fci - fc 2 



3fc^ + 4 (fci + fc 2 ) kt, 

.2/7,2 1 7 i 7 2\ 



16384 fc 2 fc 2 fc 2 (fcj +fc 2 + fc 3 ) 
+ (fc 2 + fc 2 ) fcf + (fc 3 + fc 3 ) kl + 4 (fci + fc 2 ) 2 (fc 2 - fc 2 fci + fc 2 ) fc 3 

+ (fci + fc 2 ) 3 (3fc 2 - fc 2 fci + 3fc 2 ) - 4 (fci + fc 2 + fc 3 ) 2 (fc 3 + fc 3 + fc 3 ) | , (61) 

while the helicity projections of the contact terms are 

3_fc| 
256 ' 
0, 

3 fci A 2 (fci,fc 2 ,fc 3 ) 



(nfcl)[<SK(fc 2 ,fc 3 )>GF 

{T {si \k\)[Sr^{k\k 3 )) GF 



(T(fci)[5]^^) (fe)fc3))GF 



{T^\k\)[S}^\k 2 M)) GF 



4096 kl 



k\ 



2048 k\ k\ 



+ 4fc 2 fc 3 s 2 s 3 (fc 2 +fc 2 -fc 2 )} 



3 fci 



16384 fc 2 ^ 2 ^ 3 ^^1^2 2fc 2 fc 3 + 6fc 2 fc 2 
+4sis 3 fcifc 3 (fc 2 - fc 2 + fc 2 ) 
0. 



(*2) (as) 



(fc2,fc 3 ))GF = 



6.4 Chiral fermion 

The analysis can be repeated in the fermion sector. In this case we obtain 

(T(fci)T(fe)T(fc3)>CF = 0, 
(T(£)T(fe)T< + >(te)>cF = 0, 

(T(fci)T(+)(fe)T(-)(fc3)>CF = 



fco 



^4U?-(fc2-fc 3 ) 2 



1024 fc|fc 3 



(T(Ai)r( + )(fe)TW(fe))c f 
(T( + )(fc";)T( + )(^)T( + )(fc3)>CF 



fc 3 + fc 3 1,2 / 7 , - 

' fcj - (fc 2 + fc 3 



1024 fcffcf 



(fci + fc 2 - fc 3 ) (fci - fc 2 + fc 3 ) (-fci + fc 2 + fc 3 ) 



4096 fc 2 fc|fc 2 (fci+fc 2 + fc 3 )' 
+ (fci + fc 2 + fc 3 ) 9 - 2 (fc 2 fc 3 + fci (fc 2 + fc 3 )) (fci + fc 2 + fc 3 ) 7 

+fcifc 2 fc 3 (fci + fc 2 + fc 3 ) 6 



(T(+)(/Ti)T(+)(/r 2 )T(-)(/T 3 )) 



CF — 



(fci - fc 2 - fc 3 ) (fci + fc 2 - fc 3 ) 3 (fci - fc 2 + fc 3 ) 



'4 + (fci + k 2 ) k 



(62) 



4096 fc 2 fc|fc| (fci+fc 2 + fc 3 ) 
-fcifc 2 fc 3 + (fci + fc 2 ) 2 (fc 2 - fc 2 fci + kl) fc 3 + (fci + fc 2 ) 3 (fc 2 + fc 2 ) | , (63) 
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for the 3-point functions, while the helicity projections of the contact terms are 



{T^\£i)[S\%%{&,£ 3 ))cf = 0, 

(T(£)[^£ £)> CF = 0, 

(T{k\)[S]^^\k 2 M)) CF = 0, 

{T^\k\)[SZl^Hk 2l kz)) CF = 0, 



(T^'(fci)[5] (s2) (ss) (fc 2 , k 3 )) CF = - J; fc? + fc 2 2 + fc 3 2 + 2 SlS2 hk 2 + 2 Sl s 3 k,k 3 



M{£v<f\Win)f£. = 3fci A 2 (fci,fc 2 ,fc 3 ) 

32768 fc|jfe| 

+2s 2S 3fc2fc 3 } . (64) 



6.5 Multiplicites in the non-abelian case 

As we have mentioned in the introduction, the expressions of the correlation functions in the small t'Hooft limit in 
the dual theory can be obtained from the results presented in the previous sections, which are computed for simple 
free field theories with gauge singlet fields, by introducting some appropriate overall factors. The prescription is to 
introduce a factor (N 2 — 1) in front of each of our correlators (and contact terms), with the addition of multiplicity 
factors n^, ua and in each sector. These corresponds to the multiplicites of the conformal scalars, minimally 
coupled scalars, gauge fields and fermions, respectively. For instance, the scalar (TTT) correlator is obtained with 
the replacements 

(TTT) -> (N 2 -l)(n^(TTT) C F + n4TTT)cs + n^(TTT)MS + n A (TTT) GF ), (65) 

and similarly for all the others. Notice that this results is an exact one. It reproduces, in leading order in the gauge 
coupling, what one expects for these correlators in a non-abelian gauge theory. The large- N limit, in this case, is 
performed by replacing the color factor iV 2 — 1 in front with TV 2 . 



7 Mapping of our result to the holographic one 

In holographic cosmology, as we have briefly pointed out in the previous sections, the gravitational cosmological 
perturbations are expressed in terms of correlators of field theories living on its 3-D boundary, which for a large- N 
and a small gauge coupling are approximated by free field theories. These theories are dual to the 4-D domain wall 
gravitational background. The analogous mapping between the cosmological background and the boundary theory 
requires an analytic continuation. This takes the form 

h -> -iki N -> -iN, (66) 

in all the momenta of the 3-T correlators defined above, after the redefinition illustrated in (|65|) . with N denoting 
the rank of the gauge group in (l3| | . From now on, in this section, we assume that in all the correlators computed in 
the previous sections we have done the replacement (|65|) . followed by the analytic continuation described by (|66l) . 

The final formula for the gravitational perturbations then relates the scalar and tensor fluctuations of the metric 
to the imaginary parts of the redefined correlator^. The derivations of the holographic expressions for each type 

3ln the notation of the euclidean momenta are denoted as ft, and correspond to our K before the analystic continuation. The 
authors set qi = —iqi to define the euclidean momenta of the cosmological correlators in 3-D space, with <ji the final momenta in this 
space 
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of perturbations are quite involved, but in the case of scalar cosmological perturbations, parameterized by the field 
£, they take a slightly simpler form 



<C(?i)C(«0C(«0) = -^(IW^fe)]) * xIm ( T (qi)n<h)T(q 3 ) +4^sfe) 



256 



- 2 



((T(gi)T(g 2 ,g 3 ))+ cyclic 



perms. 



(67) 



Similar formulas are given for the tensor and mixed scalar/tensor perturbations, which can be found in [131 ] . In this 
expression we have omitted an overall factor of (27r 3 ) times a delta function, for momentum conservation. In (l3| 
the authors use latin indices for the 3-D correlators and introduce the function 



Tijkl(xi,X2) = ( 



Sg kl (x 2 )< 



(68) 



which characterises the contact terms, being proportional to a delta function (~ 8{x\ — x^j)- For the rest their 
conventions are 



T(q) = 5 l0 T lJ {q), 



Y(gi,<?2) = S ij 6kiTi jk i(qi,q 2 ) . 



(69) 



The coefficients B(q~i) arc related to 2-point functions of the stress tensor. T stands for the trace of the Tijki tensor. 
Eq. (|67p allows to map the computation of the bispectrum of the scalar perturbations in ordinary cosmology to 
a computation of correlation functions in simple free field theories. In this case the correlators on the right hand 
side are obtained by adding the scalar, fermion and gauge contributions. They correspond to fully traced 3-T 
correlators and contact terms whose imaginary parts are generated by the application of the replacements (|66p on 
the diagrammatic results found in the previous sections. 



In order to compare our results, expressed in terms of functional derivatives of S with those of 13j we define 



5g a p(x) 



-6 a0 S(z - x)T^(z) - 2 [S]^ a0 {z,x) 



(70) 



which is the analog of Tyjt;(z, x) defined in Eq. (1681) . Because the operations of raising and lowering indices do 
not commute with the metric functional derivatives, Y fJ, " a P(z,x) and T^ va fj(z,x) (we use greek indices) are not 
simply related by the contractions with metric tensors. A careful analysis shows that the relation between the two 
quantities in the flat space-time limit is 



^ [ivaf3 \%: X) 



5T pv (z) 



5g a P(x) 



-S(z — x) 



5 l ip5va5 al 5f)5T'" I ~< 5 (z i x) 



(71) 



and taking in account Eq. (|70p we can finally map our contact terms with the expressions of 13 1 



(T flU a^(z,x)T p(T (y)) = --S(z-x) 



5 all {T fjv (z)T pa {y)) + 5 fjll {T al ,(z)T pa {y)) + S a ^(T l 3^(z)T pa (y)} 



+ $/3v(T ap ,{z)T pa (y)) - 5 a p(T^(z)T pa (y)) 



2 {[S] pva p{z,x)T p(T {y)). 



(72) 



This equation is sufficient in order to provide a complete mapping between our results and those of 
case. 



131 in the TTT 
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Figure 2: Topologies appearing in the expansion of the 4 — T correlator BoxTop, TriTop, BubTop 22 and BubTop 




Figure 3: Tadpole topology for the TTTT correlator. 

8 Computation of TTTT 

The evaluation of the correlation function of 4 EMT' s is very involved, due to its tensor structure, which is of 
rank-8, but it becomes more manageable in the case of the scalar amplitude. This is obtained by tracing all the 
indices pairwise, given by {TTTT) and all the corresponding contact terms, which are identified from the Feynman 
expansion of the related < TTTT > . The general structure of the 4-T correlator has been defined in full generality 
in Eq. (f3"3"|) and the scalar component of this relation can be trivially extracted from the same equation. 
We present the results for the minimally coupled scalar, the gauge field, the conformal scalar and the chiral fermion 
cases. The vertices with one, two and three EMT insertions used in the computation are given in the Appendix [Cl 
We start analyzing in detail the minimally coupled scalar focusing on the classification of the contributions of 
different topologies. 

8.1 TTTT for the minimally coupled scalar case 

The first term on the right hand-side of Eq. (f33|). the "ordinary" (TTTT) correlator, is a four-point function 
with three box-like contributions which can be obtained, in momentum space, from each other with a suitable re- 
parameterization of the internal momenta circulating in the loop. For this reason we compute just one box diagram 
BoxTop MS (cfi , <fe , 53) with the internal momenta flowing in the loop as depicted in Fig. [3J obtaining 

(T(fa)T(fa)T(fa)T(fa)) MS = 16 (BoxTop MS {k^h + fa, -fa) + BoxTop M5 (fc;, fa + fa,- fa) 

+ BoxTop MS (fa , fa + fa,-fa)) • (73) 

The triangle terms in Eq. (|33|) are contact terms with the insertion of two external legs on the same vertex. 
There are six triangle diagrams of this type, characterized by the different couples of attached external momenta 
fa, fa, fa, fa- Each of these contributions is obtained from the triangle diagram TriTop MS (gl, q 2 ), illustrated in Fig. 
[21 with the following assignments of momenta 

TMTbp*"* (£,-£), TriTbp*' 3 (£,-*»), TriTop MS (fci, fa + fa), (74) 
TriTop MS (fci + fa, -fa), TriTop A/s (/Ti + fa, -fa) TriTop MS (fci + fa, -fa) . 

Here we provide an example 

% (fa , k 2 )T(fa)T(fa)) MS = 4 TriTop MS (fa + fa, -fa) . (75) 
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There are also two classes of contact terms with bubble topologies, namely BubTop^ 5 (qi ) and BubTopfg^gi) 
depicted in Fig. [5] The former is defined by two vertices with double T insertions, while the latter is characterized 
by a three external leg insertion on the same point. In the first case there are three contributions coming from the 
distinct rearrangements of the external momenta into two pairs, given by 



BubTop^ s (fci + fa) BubTopaa' 5 (fa + fa) 
while in the other topology class four terms appear which are given by 
BubTop^ s (/Ti) BubTbpJ£ s (*a) BubTopJf s (fcl) 



BubTop^ s (/Ti 



fa), 



BubTopi3 S (fc. 



(76) 



(77) 



From Eq. (|33|) we deduce that 



(WIZ M)[s\%% (k 3 ,fa)) MS 

(HIZZ (fa,k 2 ,k 3 )T(fa)) MS 



BubTop22 S (fci + 
-2BubTop^ s (fc~ 



(78) 
(79) 



and with similar expressions for the other contributions. Notice that there is also a massless tadpole in Fig. [3] which 
is scheme-dependent and can be set to zero. 

For bubble and triangular topologies, the results take a simple form 



TriTop MS (<ji,(fe) 



BubTop*f (<?!) 



BubTopff (g!) 



1 



9 

•3X2 



2048tt 3 

o 2 2 2 /-> / 2 2 2\ 

2?i q 12 q 2 c o (91,912)92) 

-M<&) > 

-Mql), 



9l) 



q 2 1 Bo(q 2 1 )+q 2 12 B (q 2 12 )+qlB () (q 2 ) 



9i 

1024tt 3 ' 
1024tt 3 " 



(80) 

(81) 
(82) 



where q 2 } = (q. t - qj) 2 . 

The diagram with box topology, BoxTop^ /s , is more involved and it is expanded on a basis of scalar integrals li 
with coefficients Cf' IS . The basis is built from 2-, 3- and 4- point massless scalar integrals reported in Appendix El 
The elements of this basis are not all independents from each other because 2?o can be removed using Eq. (IllOp . 
Nevertheless we show the results in this form in order to simplify their presentation. 
The basis of scalar integrals is given by 



Zx(9x,92,93) 


= 2? 


(2 2 

(9i,9i2 


2 2 2 2 
923' 93, 92, 9l3 


22(91,92,93) 


= C 


'9x,9x2, 


9l) , 


13(91,92,93) 


= Co 


1 2 2 
v 9n9l3> 


9 3 2 ), 


24(91,92,93) 


= Co 


i 2 2 

v 92, 923, 


9l), 


15(91,92,93) 


= Co 


I 2 2 
v 9l2, 923 


,9 2 3 ) , 


16(91,92,93) 


= Bo 






27(91,92,93) 


= Bo 


(9l) , 




28(9i,92,9i) 


= Bo 


(9!) , 




29(91,92,93) 


= Bo 


G&) > 




2io(9i,92,9i) 


= Bo 


(A) . 




211(91,92,93) 


= Bo 


(9 2 2 3 ) , 





(83) 
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in terms of which the diagram with the box topology can be expressed as 

11 

BoxTop MS (gl, (72,93) = £ Cf s (<fi, 92, 92,91)- 

i=i 

The first few coefficients are given by 



2 9 2 9 

?1 9l2 923 93 



QT (91,92,9s) 



2 2 

9i9i2 



20487r3A 2 (g l!gi2 ,q 2 ) 

/" 2 2 W 2 / 2 2 , 2 \ 22 

(9 2 - 9i 2 ) (9 2 (9 3 ~ 9i3 + 9 23 ) - 9i 2 9 23 



2048tt 3 ' 

93«i " ({ 2 li + 2 9? 2 - lis + 9| 3 ) 9l + 9? 2 (9l + 9I3)) 9? 



C 3 MS (9l,92,9i) = 



2 2 

9I9s 



2048^ 3 X 2 ( qil q 13 ,q 3 ) 



2 4 
9i 2 9i 



((9i2 + 29i3 + 92 3 ) 9 3 2 + 9i3 (-92 + 29i2 + 9 2 2 3 )) 9i 



f 2 2 \ // 2 2 2 \ 2 , 2 2 

(,9 3 - 9i 3 j ((9 2 - 9i 2 - 9 23 ) 9i3 + 9 3 9 2 3 



Cf S (91,92,91) 



9l9l 3 



2 4 

9i9 3 



((29? 



2048tt 3 A 2 (92,923,93) 

12 2 \ / 2 / 2 , 2 2 \ 2 2 \ 

(9 2 - 9 23 ) (9 2 (9i + 9i 2 - 9i 3 ) - 9i 2 9 2 3j 



2 

9i 2 



2 \ 2 
9i 3 ) 9 2 



(9i 



29 2 2 



2 \ 2 \ 2 
9l 2 ) 923 ) 9 3 



C 5 MS (9l,92,9l) = 



2 2 

9l2923 



2048tt3 A 2 (9 12 ,923,9i3) 



93923 -((«? + 9l) 9 2 2 + (9? - 92 + 2 (9I + 9 2 2 )) 9 2 3 ) 9I3 



1 I 2 2 \ ( 2 2 I 2 2 1 2\ 2 \ 

+ (9i2-9i 3 ) (9i9i2- (9i - 92 + 9 3 ) 9i 3 ) 



(84) 



(85) 



the remaining ones, having lengthier forms, have been collected in Appendix [Bl 

We remark, if not obvious, that being the TTTT correlator in D=3 dimensions finite and hence (trace) anomaly 
free, the operation of tracing the indices of an energy-momentum tensor can be performed before or after the 
evaluation of the integrals appearing in the loops, with no distinction. In D=4 the two procedures are inequivalent, 
differing by the anomalous term. 

For this reason we have computed the TTTT correlator in two distinct ways, obviously with the same result. 
In the first case we have traced all the four pairs of indices before computing the loop integrals. In this way we 
obtain directly the TTTT correlator. In the second case, which is much more involved, we have calculated the 
T^ V TTT correlation function with a pair of indices not contracted, we have evaluated the tensor integrals and then 
we have contracted the result with S^,. This intermediate step is useful in order to test our computation with the 
diffcomorphism Ward identity given in Eq. (f42l) . 



8.2 TTTT for the gauge field case 

As discussed in the previous section also in the case of an abelian gauge field the scalar component of the 4-T 
correlator can be decomposed in the sum of three box diagrams as 



(r(fc 1 )T(fe 2 )r(fc 3 )r(fc4)) 



GF = 161 BoxTop GF (ki , kt 



k 4 ) + BoxTop GF {k 1 ,k 1 + k 2 , -A 3 ) 



BoxTop GF (/ci, ki + fc 3 , — fej) I , 



(86) 
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where the box diagram contributions can be written in terms of a minimal scalar box term (MS) and of extra terms 



as 



BoxTop GF (gl, q 2 , q 3 ) = BoxTop MS (gl, q 2 , q 3 ) + | (2q{ -q\- q\ - q{ 2 - q 2 13 ) q{ B {q{) 

+ ( 2 923 - ll ~ it - ?12 - 9l3) 923 B (9I3) + ( 2 l2 -Ql-Q3- 9l2 ~ ?1 3 ) ll B 

+ ( 2 9s -Q1-Q2- 9i3 - 92s) 93 #o (93) + ( 2 9i2 -Q1-Q2- 9l3 - 923) 9l2 #0 (?l 2 ) 

+ ( 2 9 2 3 - Qi ~ Q 3 - 9i2 - 923) 9i3 #0 (913) + 2 929i29i Co (9?, 9i 2 , 

+ ^hlsVlCo (91,913.9s) + 2 92 93 923^0 (92,923,93) + 2 9? 2 9l 3 923 C (9l2,923,9l 3 ) f • 



(87) 

The reconstruction of the < T{xi)T(x 2 )T{x 3 )T{x 4 ) > amplitude can be obtained using the expression above plus 
the contributions of triangle and bubble topology, corresponding to the relative contact terms. In the case of the 
gauge field these are 

([S]^Jk u k 2 )T(k 3 )T(k 4 )) GF = 4TriTop GF + (88) 
{[S\Z%{ki,&)[S\%%{k s X))GF = BubTopgf(fc 1 + k 2 ), (89) 

([KSIZ^^w^f = -2BubTo P GF (fc;), (90) 

and with similar expressions for the other contributions, obtained by a suitable reparameterization of the internal 
momenta. In this case the discussion is identical as in the minimally coupled scalar. The explicit results for these 
three topologies are given by 



TriTop GF (<fi,<f 2 ) 



2Q4 1 87r 3 1 6 ql q\ 2 q\ Co (91 , 9i2 , 92 ) - 3 q\ ( - f>q\ + q\ 2 + q 2 ) B (qf) 

3 9i 2 (9i - M\ 2 + 9 2 2 ) M1I2) - 3 q\(q\ + 9i2 - 3g 2 2 ) B (q 2 2 )\ , (91) 



BubTop^l) = ^^BoUiJ). m) 



8.3 TTTT for the conformally coupled scalar case 

As for the gauge fields, also for the conformally coupled scalar the totally traced component of the 4-T correlator 
is given by 

(T(£)T(fe)T(fc3)T(£))cs = 16 ^BoxTop cs (fc;, k\ + k 2 , -k 4 ) + BoxTop cs (k^h + k 2 , -k 3 ) 

+ BoxTop cs (fc;, h + k 3 ,-k 4 )j , (94) 
where the box diagram contributions can be written as 

BoxTop CS (qi,q 2 ,q 3 ) = 4qq * ^ jso(9i 3 ) (%! ' 9ls) 2 + qi ■ q 3 (2q\ - 3q 2 ■ q 3 ) + q\ {q 2 ■ q 3 - ql) 



+ ql ■ 92(-3<fi • <?3 + 9s)) - BoictZ) (qi ■ 93 92 + 2 9 2 (92 • 93 - qf) 
+ qi ■ 92 (-3 q 2 ■ 93 + 2 9 2 )) j • 



(95) 
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Concerning the contact terms, the triangle and bubble topology contributions are given by 
{[S\%%(ki,&)Tfe)T(kd)cs = 2^fcV£ to -£iBo + 

8.4 TTTT for the chiral fermion case 

In the case of the chiral fermion field the ordinary EMT's correlation function is zero 

(T(fci)T(to)T(to)T(to))cF = 16 ^BoxTop^fci, k x + k 2) -k 4 ) + BoxTop CF (k 1 , k x + k 2 ,-k 3 ) 

+ BoxTop Ci "(fcl, kx + k 3 , -k4) \ = , 

despite the fact that the single box contribution is given by 

1 



(96) 

(97) 
(98) 



(99) 



BoxTop F (gl,g2,<73) 



128 7T J 



B a{q 2 ) [-Q2 <h ■ 93 + qi ■ & qi • qli) 



+ B o(qli) (-qi ■ ql$(q~i ■ qi - q\ ■ gl + qi • qz) + q\{q 2 ■ q~3 - qi) + qlqi- qi) 

All the other topologies are identically zero, 

([Sr^lik^k^TiksMk^cF = 0, 

([ 5 ]^^M3( fc ^^,to)T(M)cF - 0, 



(100) 



(101) 
(102) 
(103) 



with all the similar contributions obtained by exchanging the respective momenta. 
8.5 Relations between contact terms in the 4-T case 

As we have mentioned in the introduction, the extension of the holographic formula for scalar and tensor perturba- 
tions remains to be worked out. This is expected to require a lengthy but straightforward extension of the methods 
developed for the analysis of the bispectrum. For this reason here we reformulate the structure of the contact terms, 
which are expected to be part of this extension, in a form similar to those presented in the previous section. We 
recall that in our notations the contact terms are given as in Eq. (|33j) . 

For example, extending the previous notations, the contact term with the triangle topology in the two formula- 
tions are related as 



(T M „ Q/3 (z, x)T pa (y)T XT (t)) 



-S(z — x) 



5 ai i{Ti3 V {z)T pa {y)Tx T {t)) + 8p p (T av (z)T p<7 (y)T X r{t)) 



+ $au(Tp p (z)T prT (y)T\ T (t)) + 6f3u(T ap (z)T p<7 (y)T\ T (t)) - S a fj(T^(z)T pa (y)Tx T (t)) 
+ 2{[S]^ a0 (z,x)T pa {y)T XT {t)). (104) 
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Similar relations hold for those contact terms of bubble topology 



-S(z-x)6(y-t) 



S a ^S\ p (Tp l/ (z)T Ta (x)} + S afl Sxa(Tp„(z)T Tp (x)) 



+ 5 a ^ T p{Ti3 V {z)Txa{x)) + S api 5 Ta (Tf;„(z)Txp(x)) + (p -o- v) ) + (a o 0) 
1 



S(z — x) 



5\t 5{v - t) $aii,{Tf3v{z)Tp a (y)) + 8 av {T l} p{z)T pa {y)) + (a -O- ft) 



+ 5 a p(T^(z) [S] paXT (y, t)) + 6 a „(T^(z) [S] paXr (y, t)) + (a o p) 



+ (p, u, z, a, /3, x) o (p, a, y, A, r, t) 



+ 7^/3 ^Ar <5(2 - x) S(y - t) (Tp V {z)T pa {y)) + 8 af} 5(z - x) (T^(z) [S] paXT (y, t)) 



+ S XT S(y - t) (T pa (y) [S]^ afj (z, x)) + 4 ([S]^ (z, x) [S] paXT (y, t)) 



(105) 



Finally, we expect, in a possible generalization of the holographic formula for scalar and tensor perturbations at 
the trispectrum level, double functional derivatives of the EMT with respect to the metric 



- p,vct 



/3 pa (z,x,y) = 



5 2 Tp V (z) 



5gP°{y)5g<*P{x) 



(106) 



After some work, the expression of this object in terms of multiple functional derivatives of the action and of EMT's 
is found to be 



~Tp Va ppcr{z,x, y) = i(5(z - x)S(z - y) 



\9p,p9aK9u\ + g m 9fSK9u\ + (M v ) - 9 a/39p'^9i / 



J per 



2<W (S^SokSuX + S m 60 K 6 v x + {p ^ v) - S al3 SpxS VK ) 



T Xk {z) 

- S(z - x) [8^8 aK 5 v \ + Sp a 5p K 5„ x + (p ^ v) - 5 a p5,j,\5 VK \ [S] XKpa (z, y) 
+ S(z ~ y) S pa [S}^ afS (z, x) - 2 [g aa 9bp9 e ^9fu} p<7 [S] efah ( z > x ) 

- 2 l s }^ a P * (z,x,y), 



(107) 



where we refer to appendix [Cl for a list of the derivatives of metric tensors. 

We conclude by presenting, along the same lines, the expression of the last contact term which will be present in 
the holographic extension. This is related to our contact terms by the formula 



(Y»uaj3p<r(z,x, y)T TU1 {t)) = - S(z - x)5(z - y) 



[9^9aK9u\ + 9^9p K 9u\ + {p^ v) 9a/39fi^9vK 



l pa 



-^Spa {SppS aK S u x + S^SpJiux + (p «-> v) - 5 a ,38px5 VK ) 



(T XK (z)T TU (t)) 

- 8(z — x) [SppS aK S„x + 5p a 5fi K 5 v x + (p v) - 6 a pd M \d VK ] ([S] XKpa (z, y)T TU (t)) 

+ S(Z - y) Spa ([S}^ a/3 (z, x)T TUJ (t)) - 2 [g aa gbfi9 e p9fu}pa {[ S ] e fab ( Z > X ) T ru(t)) 

- 2 ([S]p Vaf3 pa{z,^y)TUt)). (108) 



9 Conclusions and Perspectives 

The study of holographic cosmological models is probably at its beginning and there is little doubt that the interest 
in these models will be growing in the near future. In these formulations, the metric perturbations of a cosmological 
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inflationary phase characterized by strong gravity can be expressed in terms of correlation functions involving stress 
energy tensors in simple 3-D field theories. We have presented an independent derivation of all the amplitudes 
which are part of the 3-T correlators and extended the analysis to the fully traced component of the 4-T one. The 
analysis is rather involved and is based on an extension of the approach developed in which dealt with the 
3-T case in D=4. In D=3, the absence of anomalies simplifies considerably the treatment, but the perturbative 
expression of the 4-T amplitude carries the same level of difficulty of the 4-D case. The extension of our approach 
to a discussion of the full 4-T case, with the derivation of all the amplitudes, is, at the moment, hampered by the 
remarkable difficulties present in the computation of all the tensor reductions of a rank-8 correlator. We hope to 
discuss these issues in future work. 
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A Scalar integrals 

We give the expressions of the two, three and four point scalar integrals with internal masses set to zero in D = 3. 
They are defined as 

Bo(9?) = l<?l 1 x a = — . 

J r{l + qir qi 

- I d3l im +qi )ml q2) m +q3 r (109) 

where qf } = (q t - qj) 2 . 

The box integral in D = 3 in not independent from the 2- and 3- scalar point functions, indeed it is possible to 
show the following relation 
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B TTTT for the minimal scalar case 



We give here the expressions of the remaining coefficients of Eq. They are given by 

-J_I * 

20487r3\A 2 (g 1)9l2 ,g 2 ) 

9i9i ' 9~2 (?i ' 9~2 (gl • 93 + 92 • 93 - 9l) - 2( ?29i ' 93 + 91 • 92 2 ) + 9i (9! + 92 ■ <?s) + 9i ' 92 3 9~i ■ 93 



9i (91 • 92 (92 + 9i ' 93 + 2(?2 • 93) ^ 92 (92 + 91 ' 93) + 91 ' 92 2 



4gl ■ gj 2 
A 2 (9i,9i3,93) 



(9i 92 • 93 - 91 • 9291 ' 9l) + 9 2 9 2 | 



Cj IS (91 , 92, 95) = 51 27T 3 A 2 (gi q 12 g 2 ) {^ g2< ^ ( g i ( g 2 ~ 3<7 * ' & 2 ) ~ g 29i ' 92 2 + 9i (?2 + 9i ■ 92 ] 

9! t -* -» / 2 1 -* -*\ 2- -\ , (9i +9l) (92 +9l) 

(9i • 92 (9 2 + 92 • 93j - 9 2 9i • 93j + 



512^(92,923,93)^ ^ 2 " ^ 20487T3 

1 



3gl -92 92 • 93 (92 ■ 93 - 2g 2 ) 



2567r 3 A 2 (9i, 912, 92)A 2 (g 2 , 923, 93) 
9291 ' 9292 • 93 (91 ' 92 2 (93 + 2 9l ■ 93) + 9! ' 9291 ' 93 (92 • 93 - 4q|) + q\q 2 ■ g3(-6g 2 

491 ■ 93 + 92 • 93)) ~ 92 (93 (91 ' 93 (49i(9i ' 92 + 92 ' 93) + 9l ' €2) + 9i9i ' 9292 ■ 93 - 2gl • 92' 



+ 9i92 ' 93 (91 ' 93 - 291 • q 2 )j + 9i9 3 9 2 ( 3 9i ■ 93 - 2g! • 9I) } , 

Cs IS (Qi,Q2, 93) = 100 3T27 ^-TT2? \ (91 ' 929i ' 93 2 (93 (92 + 2 92 • 93) - 93 - 2 92 • 93 2 

1287r ci A 2 (9i,9i3,93)A2(92,923,93) I V 

+ 9i9 2 9i • 92 (92 ■ 93 - 93) 2 + 9i • 93 3 (9I ~ 92 • 93) (92 • 93 - 93) + 9i9i • 93 (93 (92 - 92 • 93 ) 

2 — * —* t — * —* r»2\ — * j 1 ^3 / 2 2 2 — * — * \ 

+ 9 3 92 • 93 (92 • 93 - 29 2 ) + 92-93 J > + 2Q487r 3 (9l + 92 + 95 - 92 • 93j , 

- 4096^ 9 12 9 9 2 2)A 2 (9i2, 923, 9.) { (< A ~ ^ ~ ~ ^ g? + ^ + ^ + ^ 

+ 2 (92 + g 2 2 )) 9*3 + (99 12 + 8g 2 g 2 2 - 3g 13 - 2 (2g 2 + g 2 2 ) 9 2 3 ) 9 2 2 3 - faia - 3? 3 ) 2 ( 3 92 - 29s 

+ 2 9 2 2 - g 2 3 )) 9* + (-49 2 2 9« 3 + (-3?| - 2 (2g 3 2 + g 2 2 ) g 2 + 9qf 2 + 8q 2 12 q 2 13 ) q\ 3 - 4 (2g° 2 

+ 2 {ql - 2q 2 2 ) q\ 2 + q\q\ 2 + g 4 3 g 2 2 - 2 (2g 4 2 + q 2 (q 2 + 2g 2 2 )) q 2 l3 ) q 2 3 - (-3^ + (4g 2 + 6g 2 2 ) 9 2 2 

+ 9i 2 ) (9 2 2 - 9 2 3 ) 2 ) 9? + (9 2 2 - 9 2 2 ) 2 (9 2 6 3 + (9 2 2 + 29,3 - 2g? 2 - 3g 2 3 ) q\ 3 - (g 12 - 3g 4 3 

+ 2 (2g 2 + 3g 2 2 ) 9 2 3 ) 9 2 2 3 - (9ia ~ ih) 2 {<& + 9?3 - 2 (9.3 + q\ 2 ) ) ) 
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+ («13 - 92 3 ) 2 («13 + ?2 3 )) 9? + (- faf + 9l 3 ) ?23 + (3?13 + (2?2 + 5 (<?3 + Sl 2 )) ?13 + 41<Z 3 g 2 2 ) <Z 23 

+ (-3«? 3 + (- 4, ?2 + H«i + 34<? 2 2 ) g 4 3 + g 2 2 (I2g| + 34g§ - 15g? 2 ) qj 3 - 37q 2 q 4 2 ) q 2 3 

+ (q 2 i2 - q 2 u) 2 (<Zi3 + (2g£ - 9? 3 2 - 5q 2 12 ) q 2 3 + 3q 2 q 2 2 )) qf + ((-7q 4 - 18q 2 3 q 2 + q 4 3 ) qf 2 + (-7qf 3 

+ (-44 + 34gg + 2lq 2 3 ) q 4 3 + q 2 (l2q 2 + 5q 2 + 34g| 3 ) q 2 3 + 41ggg§ 3 ) q\ 2 + {llq 8 13 + 2 (4q 2 - 7 (q 2 

+ <&)) Q13 + ("«£ + 92<? 2 2 3 93 2 + Hq 4 23 - 24q 2 2 (q 2 + q 2 23 )) q\ 3 + 2q 2 q 2 23 (17 (q 2 + q 2 23 ) - 28q 2 2 ) q 2 13 

- 37qlql 3 ) q\ 2 - {q\ 3 - q 2 23 f (5qf 3 + (4g§ + 2q 2 + q 2 23 ) q\ 3 + 3q 2 (-4q 2 + 3q 2 + 6q 2 23 ) q 2 13 

- 3^)) 9 2 + (qj - q 2 13 ) 2 {(qj + q 2 13 ) q\ 2 + (q\ 3 + (2<? 2 2 - q\ - 9q 2 23 ) q 2 13 - 7q 2 q 2 23 ) q\ 2 - {hq\ 3 
+ (4<Z 2 + q\ + 2^3) 9 4 3 + 3q 2 3 (-4q 2 + 6q 2 + 3q 2 3 ) q\ 3 - 3q 2 q 4 3 ) q\ 2 + (q 2 13 - q 2 23 ) 2 (3qf 3 

{2q 2 + q 2 + q 2 3 )q 2 3 + 3q 2 q 2 3 )) J, 



+ 



+ 3 (gf + q 2 3 )) q 4 + (-3q 4 2 + 9q 4 23 - 2 (q 2 - 4q 2 13 ) q 2 23 ) q 2 + (q 2 - 3q 2 13 - 2q\ 3 ) (q 2 - q 2 23 ) 2 ) q\ 2 
+ (-4g| 3 gf + {-3q\ 3 + 9q 4 3 - 2 (qj 3 - 4q 2 ) q 2 23 ) q 4 - 4q 2 23 (q 4 - 4q 2 3 q 2 + q 4 13 + 2q 4 23 

- 4 5l3 («?2 + 92 3 )) ?3 - {<& - I23) 2 (-3513 + 6 923<?13 + 92s)) Ql2 - (?13 ~ ?2 3 ) 2 ("^ + ( 3 92 

- q 2 is + 2g 2 2 3 ) 93 + (-3<?2 + 692352 + 923) ql + {ql + qh - 2g 2 2 3 ) (? 2 2 - qh) 2 ) + H {{il 

- 2 (q 2 + q 2 3 ) ql + qt + q 4 3 ) q\ 2 - 2 {2q 2 q 4 3 + q\ 3 (q 4 - 2 (q 2 + q 2 23 ) q 2 + q 4 + q 4 3 )) q\ 2 

+ (q 2 i3-q 2 23) 2 (ql-iiql + q^ql + qt + q^)) }• (m) 
C Interaction vertices 

We provide here a list of the vertices used in the paper. The computation of the vertices can be done by taking 
at most three functional derivatives of the action with respect to the metric, since the vacuum expectation values 
of the fourth order derivatives correspond to massless tadpoles, which are set to zero, as explained in the previous 
sections. We keep the notation with square brackets to indicate the flat limit of the functional derivatives in 
momentum space, showing explicitly the dependence on the momenta when this occurs (which is not always the 
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for the metric tensors). We have 



Ix/sP" 2 
[v / 5] M2 ' y2A ' 3!/3 

j^/^j ^2^2 (1*3^3^4 ^4 
a Bl M2^2M3^3 



[vy 



1 ^1 ^P-2^2 fifJ.3V3 ^_ JgM2^2jM3^3^ 



JyjM2^2M3 ^3^41^4 _ ^^J-^tiVi j-^ / ^jM2^2M3K3 _|_ }_ {}_ j^*2"2 gWSjf^^ _|_ [g^2^2 j A»3 ^3 M4^4 



= ^(<^ 2 +^r) . 



j^a/Sj ^2^3 _ _1 ^c^piAj £/3l/ 2 +( 5«M2 j- g /3^2jW3 + ^CW2]^3 j/3^2 _|_ j^/^2 j £C 



[y.^2 



^aAj 

1(1*2^2 (1*3 "3 



a A I 



fx/ lA'2^2A I 3l'3/J4^4 



M2^2 1 



(V a » 2 6 x » 2 + V a V2 8 x » 2 ) , 



M2^2^3^3 1 
4 

_ _ Qy ft2jM3 I/ 3M4l / 4 _|_ Jy t/2jW3M4' / 4 <^M2 ^ 



(112) 



For the Christoffel symbols, defined as 



1 



r a Pl (z) = -g aK {z)[-d K g M {z)+dpg K1 {z) + d l9 ^{z)], 
r a ,pj(z) = ^ [-d a g^(z) + dpg a ^(z) + d 7 g a p(z)] , 



(113) 



we obtain 



[nT" ( fc 2) = - 2 s ax (- [g Pl r V2 ^a + [^Ap" k 2l + [ gxi r» 2 k u 

[T^] mV3 (k 2 ,k 3 ) = [g«T" lr>^r" 3 (k 3 )[g a T U3 F^T" 2 (fe) ■ 

[r^]^^ = [^f" 2 [rA,, 7 ] Ml/3AI41/4 (fc 3 ,^) + [5 QA ]^ 3 [Ta,^]' 

+ [<? q T 4I/4 [Tx, M r vm {k 2 M). 



(k 2 ,k 4 



(114) 



It is straightforward, starting from these definitions, to derive the derivatives of the Ricci tensor [R^v] (I) and 
[R^u} p(TXUJ (h,h), defined as R llv (z) = R x ^\ v (z). We recall that in our conventions the Riemann tensor is defined 
as 

R\ K ,(z) = d v Tl K {z) d K T^(z) + T\{z)Tl K {z) - T x KV (z)r^(z) . (115) 
Next we list the interaction vertices for the dual theories. 



Scalar 



v s<t><t> 



(P,Q) = \ (S^rf* - l -8^5 a ^j ( Pa q f 3+Pf3q a ) , 

+ X (S^S^ - 5^8^) (p aPfj + p a q + q aPfj + q a qp) 



(p a q/3+ppq a ) 



+ X { (k/sT (S^S"* - 8» a 6»P) + [g^g afj - g^g^] P ° ) (p a p + p a q + p q a + q 
+ (8^8^ - 8^8»< 3 ) [r^] pCT (?) i ( PA + q x ) - Q 8^8 afi - 8» a 8^ [R a0 ] pa (0 } , 
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2 



x^ 



pa 



n ua ifB pv olQ 

9 ' 9 ~ 2 £ f 9 



-i pcrxu 



{p a qp +Pfsq a ) ■ 

+ [g^9 aP - 9 m 9 V& ] PaXU> ) (p aP p + Pa q,3 + q aPl 3 + q a qp) 



pa 



+ xUlVtT [S^S^ -S^] + [g^g^ -g^] XU ) [r^]" (h) 
+ (p,a,h)^(r,oj,l 2 ) + (S^S^-S^S^) [T x ] paxul (h , £)} i (p x + q x ) 



gm g »V_ -g^g^ 



+ (p,a,h)^(T,u),l 2 )+ ^ a 8^ -U^5 a ^j [R a? r xu (full) 



[Rap] 1 " (h) 



(116) 



• Fermion 



V^{p,qXl) 



{[Vr 5a X +[V a X ]^) 7 a (PA-9A), 



V a 



[V] 



pa 



l a (P\ - qx) 



+ ^( \vr s a x + 



V a 



{ 7 a ,[ 7 fo , 7 c ]} [n bc ^r(h 



v£fi?®f>h,h) = 2 y [V. 

+ [V] pax " 



5a + [V] 



pvpa 



A 



[vY 



[v? 



vj 



pupa 



+ 



Va 



v a x 

pvpax^ 



pax^ 



X^ 



[vy 



-r [vr 

i a {px - qx ) 



V a ' 



V a ' 



pa 



+ ^{7 a ,[7 b ,7 c ]}^ ( \vr pa 5 a x + [vr 



Va' 



[V] 



pa 



V, 



V, 



wr s a x 



[^6c,a] X " ('2) 



[n b c,x} paxu 



where the spin connection was defined in j5J. 
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Gauge field 



+ 



[F a pF XK ] T » (p,q) 



1 1 X0J 



g^ x g aK g v P -| g^g aX g^ K 



pa 



(118) 



where we have introduced 



[F a pF XK ] r » (p,q) = J d 4 xd 4 ye-^ 



x - iq . y S 2 (F aP (0)F„ K (0)) 



5A T {x)5A i} {y) 

{81 Si p K qp - SI Sf 3 p K q a - 51 5ip x qp + S T K Sf 3 Px q a + (r, p) (0, qj) . (119) 
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